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Motivation: Stress testing insurance portfolio

Insurance portfolio modelled via a compound Poisson process X on [0; T]:
intensity =5
severity (2;1) (expectation 1, variance 2)

solvency horizon T =1

Stress testing/believes/views:
What if VaRg.5(X7) is/should be 15% larger?
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severity (2;1) (expectation 1, variance 2)

solvency horizon T =1

Stress testing/believes/views:
What if VaRg.5(X7) is/should be 15% larger?

T How can we modify our model to incorporate the views?
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Motivation: Stress testing insurance portfolio

Stress testing: What if VaRg.5(Xt) is 15% larger?
Increase from 17.4 to 20.

stochastic intensity (t;X)
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Motivation: Stress testing insurance portfolio

Stress testing: What if VaRg.5(Xt) is 15% larger?

severity distribution dependent on time t and state x
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Model setup

Completed Itered probability space ( ;P; F; fFtgi2[0;77) and consider
n-dim. stochastic process (X¢)t2[0:77-
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Model setup

Completed Itered probability space ( ;P; F; fFtgi2[0;77) and consider
n-dim. stochastic process (X¢)t2[0:77-

consider alternate probability measures Q with

What are the dynamics of X under Q that is “closest” to P?
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P

R
E[X;] 048 and  E[ g Lexe<tgdt] 0:627
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P I Q but ‘close’ to P

R
E9[X;] 0483 ¥ 1 and E9 Ollfxtqut] 0627 1 0:2
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Q

R
EOX1] 1 and E Q[ 4l ,«q df 02
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Model Setup: m-dim. levy-1t6 Process

(X t)eo:7) satis es the SDE
A
dX = ft;{{( t? dt+ ft;>§z t? dw, + . |(t;x{i ;z% +dt; dz)

drift volatility jumps
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Model Setup: m-dim. levy-1t6 Process

(X t)eo:7) satis es the SDE
A
dX = ft;éz t? dt+ ft;>§z t? dw, + . |(t;x{i ;z% +dt; dz)

drift volatility jumps
W m-dim. P-Brownian motion.

I-indep. Poisson random measures (PRM)
compensator of

~= the compensated measure

+ assumptions.
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Optimisation Problem

The KL-divergence of Q with respect to P is

o do.  do
DkL (QjjP)=E ap log ap

7127



Optimisation Problem

The KL-divergence of Q with respect to P is
D QjiP)=E Selog T2
We consider the optimisation problem
QIQ(]; Dke (QJiP) st
EC[f{(X1)]=0; j=12;:::;r 1; and )

2 4
EC g(Xs)ds =0; j=12;::0r ;
0

where Q is the set of equivalent probability measures...
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Veri cation

Theorem 1 (Veri cation)

Dene JY(t;x) := log! Y(t;x), where
Zq
Y X)=E x  exp 1 fX 1) 2 g(X v)du

t

Let
yo_ P Xe)
LY@ X )
y L z ) t i
h{(z) := TIYEX ) TEX )

then, under suitable assumptions, ¥ and h¥ are admissible controls and
= inf 3N,

Qn 2Q
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Representation of optimal RN density

Theorem 2 (Optimal Measure Change)

Let Lagrange multipliers (;; ,) solve

RT
X 1) g 9(X u)du -0

a
ralog E e = o)
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Representation of optimal RN density

Theorem 2 (Optimal Measure Change)

Let Lagrange multipliers (;; ,) solve

RT
X 1) g 9(X u)du -0

a
ralog E e = o)

Then, the optimal measure Qhas RN-density

R
do _ &P 1 fX1) , g gXudu

h o :
P Eexp , fX71) , o 9(Xy)du
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Stress testing an insurance portfolio

Kroell, P., Jaimungal IME '23

Insurance company with 2 LoB:
modelled by bivariate compound Poisson process (X 2)io-1] -
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Kroell, P., Jaimungal IME '23

Insurance company with 2 LoB:

modelled by bivariate compound Poisson procesé;(xtz)tz[o;ﬂ .
Solvency time frame: [0; T]

Risk measure of interest Vagy X+ +X 2
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Stress testing an insurance portfolio

Kroell, P., Jaimungal IME '23

Insurance company with 2 LoB:

modelled by bivariate compound Poisson process (X 2)io-1] -
Solvency time frame: [0; T]

Risk measure of interest Vagy X+ +X 2
| Stress on rst LoB at T=2: VaR(X}_,)
? How large a stress to achieve a 5% increase in a/@FQ(% +X % ?

% increase in VaRo(X 1_,)

0.5 30.4
0.6 24.8
0.7 19.6
0.8 16.1

Compound Poisson process with intensity =5, marginal severities 1 F’(2; 1),
2 F’Exp(2) with a t copula with correlation 0.8 and 3 degrees of freedom.
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Improving models through
barycentres




Experts' models

the m-dim. process (X%)yo;1; Satis es the SDE

dX ¢ = | ® (1 t; dt + Ft;>fz_t; th(k)

drift volatility

where W) are R, Brownian motions.
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Experts' models

the m-dim. process (X%)yo;1; Satis es the SDE

dX ¢ = | ® (1 t; dt + fwfz_‘? th(k)

drift volatility

where W) are R, Brownian motions.

) How to combine the expert models?

) How to simultaneously incorporate beliefs/views?
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Experts' models

model - | model - [I
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1=0:1
Rl
EQX1]=1 & E9[ 1, ]=0:2
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1=0:9
Rl
EQX1]=1 & EQ[ 1, ]=0:2
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Simple model averaging

The average drift measure QJ[J: X has drift

X
(tx) := K O Ex);
k2K
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Kullback-Leibler barycentre

Find the model that is the Barycentre of models
. % .
arg min kDke Qi Pk)
QQ k=1
P3~
3 \\ P4
QbJ(\A‘\\“’)
Py~_-~ Ao



Kullback-Leibler barycentre

Find the model that is theconstrainedBarycentre of models

X

arg min k Dk (QJj Pk)

subject to constraints on X under Q
Q2Q =1

15/27



Experts compatibility

Assumption 3 (Model compatibility)

R i
EQl e o &UXu)du <49
where (t;x)= (t;x) | (t;x) and

X
&(t;x) = v WX ©x) L Gx  © (X))
k2K

{ akin to a weighted Mahalanobis distance
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Pure barycentre

Proposition 4 (Pure barycentre)

Under some technical assumptions, the barycentre measure exists, is
unique, and its RN derivative has representation

RT
dQb e, o &(tX ) dt

dQl  Eol e o &txod
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Constraint barycentre

Theorem 5
Let Lagrange multipliers (;; ;) solve
h g, [
r log E e oo @d 1ft  —q;
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Constraint barycentre

Theorem 5
Let Lagrange multipliers (;; ;) solve
h g, [
r log E e oo @d 1ft  —q;

Then, the optimal measure Q[ ] has RN-density

R
dQ[ 1] ehOT(&(t;Xl)"'ogt)dt L)

dQ[l EY e o @X0r pa)dt fr
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Barycentre of Models

Theorem 6

The constrained Barycentre drift is

(tx) =(t;x) + (t;x)rlog ! (t;%);
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Barycentre of Models

Theorem 6

The constrained Barycentre drift is
tx)=(t;x)+ (t;x)rlog ! (t;x);
where

R Ry
I =Y e ¢ z&UX)du  ofXT) 4 5 g(Xs)ds
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Barycentre of Models

Theorem 6

The constrained Barycentre drift is
tx)=(t;x)+ (t;x)rlog ! (t;x);
where

R Ry
I =Y e ¢ z&UX)du  ofXT) 4 5 g(Xs)ds

Algorithm to simulate under Q

i) calculate by solving system of non-linear equations under Q]

ii) approx. ! with-a NN and parameters 0. By elicitability
7 " #
T RT 1 . " o 2
I (;)=argmin =3l I (X o] e v 28X w)reX ujd ) dt
o 0
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Bivariate constrained Barycentre

Constraints: B X1 +X o1 =1:2, and vaR X1 +X 21 =0:05.
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Convergence results of constraints

Fo:=X LT + X 2:T 1.2 & F ;= ()( LT + X 2ﬂ_)2 1:2 2 0:05
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Example: Implied Volatility Smiles

Apply our framework to combine implied volatility (IV) smiles models

Value of as a function of strike price , such that the BS option
price matches market prices for xed time-to-maturity ;

Typical IV smiles () as a function of strike price for di erent
days;

22127



Example: Implied Volatility Smiles

i) daily IVs at discrete % for time horizon [0; 3T]

i) project raw data onto basis functions (normalised Legendre
polynomials)

t() = . ag ()
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Example: Implied Volatility Smiles

i) daily IVs at discrete % for time horizon [0; 3T]

i) project raw data onto basis functions (normalised Legendre
polynomials)

t() = ag ()
=1

i) learn neural SDE for the dynamics of the coe cients

da; = (a ¢)dt+ (a )dW;
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Example: Implied Volatility Smiles

i) daily IVs at discrete % for time horizon [0; 3T]

i) project raw data onto basis functions (normalised Legendre
polynomials)

da; = (@ ()dt+ (@ )dW;
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Example: Implied Volatility Smiles Expert's Models

The 3 experts models:

a) split data into 3 patches (k 1)T; kKT ,k=1;2;3

b) Learn experts k's drift by tting a neural SDE

da;= ®@y)dt+ (@ Haw®; t2 (k 1)T; kT

24127
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