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Introduction

• Consider a policy providing two insurance coverages.

• T = (T1, T2): activation delays for both coverages.

If a claim activates coverage 1, will it also activate coverage 2? If so,
how long after?

=⇒ We work with censored dependent data.
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Notation
• T = (T1, T2): vector of true survival times (activation delays)
• C = (C1, C2) with C1 = C2: vector of censoring variables (settlement

delays)
• γi for i = 1, 2: limits imposed on the survival times
• Y = (Y1, Y2) with Yi = min(Ti , Ci , γi) for i = 1, 2: observed times
• ∆ = (1[Y1 = T1],1[Y2 = T2]): censoring indicators

2 / 18



Graphical comparison of Archimedean copulas

• Archimedean copula: Cα(u1, u2) = ϕ−1
α (ϕα(u1) + ϕα(u2))

• Z = Cα(U1, U2) follows Kendall’s distribution:
K (z) = z − ϕ(z)

ϕ(1)(z) = z − λ(z) for 0 < z ≤ 1

• Knowing K̂ (z), a non-parametric estimator of K (z), estimate Kendall’s
tau and retrieve the copula parameters

τ̂ = 3 − 4
∫ 1

0
K̂ (z)dz =⇒ α̂ = g−1(τ̂)

• Compare the plot of λ̂(z) = z − K̂ (z) to those of λ̂α̂(z) to find the most
appropriate copula.
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Simulation study

Setup:
• n = 500 observations
• Clayton copula with

τ = 0.25
• Exponential(1) marginals
• ±20% censoring
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Results validation
• Omnibus procedure: comparison of α̂ with

α̂∗ = arg max L(u1, u2, δ1, δ2; α)

• Wang (2010)’s goodness-of-fit test for censored data

Table 1: Percentage of rejection of the null hypothesis for different copulas.

True copula τ
Copula under H0
Clayton Gumbel

pW pW

Clayton 0.2 0.30 0.26
0.4 0.20 0.94

Gumbel 0.2 0.02 0.90
0.4 0.03 0.72
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• L2-norm test: S(α̂) =
∫ 1

0
(
K̂ (z) − Kα̂(z)

)2dKα̂(z)

Table 2: Percentage of rejection of the null hypothesis for different copulas

True copula τ
Copula under H0

Clayton Frank Gumbel Joe
pS(α̂) pS(α̂) pS(α̂) pS(α̂)

Frank
0.2 1.00 0.20 0.80 1.00
0.4 1.00 0.36 0.64 1.00
0.6 1.00 0.34 0.70 0.96

Gumbel
0.2 1.00 0.88 0.46 0.66
0.4 1.00 0.96 0.14 0.90
0.6 1.00 0.98 0.02 1.00

Joe
0.2 1.00 1.00 0.82 0.18
0.4 1.00 1.00 0.84 0.16
0.6 1.00 1.00 0.84 0.16
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Impact of decreasing γ

Sample of n = 500 observations from a Clayton Copula with α = 0.7 and
margins such that X1 ∼ LogNormal(µ1 = 8, σ1 = 1) and
X2 ∼ LogNormal(µ2 = 7, σ2 = 3).
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Application to claims reserving

• Automobile insurance dataset with 2 insurance coverages
• Limit: γ1 = γ2 = 730 days
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Thank you!
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Appendix
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Statistical model
Step 1: Extension of Beran (1981)’s estimator

F̂1|2(y1|y2) = 1 −
∏

Yi1≤y1,∆i1=1

(
1 − Wni2(y2; hn)∑n

j=1 Wnj2(y2; hn)1Yj1≥Yi1

)

Step 2: Joint distribution F̂ (y)

F̂ (y) = w(y)
∫ y2

0
F̂1|2(y1|z2)dF̃2(z2)

+ (1 − w(y))
∫ y1

0
F̂2|1(y2|z1)dF̃1(z1)

with F̃j(zj) the marginal estimators of Kaplan-Meier (1958).

Step 3: Wang and Wells (2000)’s estimator for K̂ (t)

K̂ (t) =
∫ ∞

0

∫ ∞

0
1[F̂ (y) ≤ t]dF̂ (y)

Step 4: Comparison with selected copula models using λ̂(.)
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Popular Archimedean copulas
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Results validation

Omnibus procedure
• Likelihood function:

L(u1, u2,δ1, δ2; α) =
n∏

i=1
c(u1i , u2i ; α)δ1i δ2i +

(
∂C(u1i , u2i ; α)

∂u1

)δ1i (1−δ2i )

+
(

∂C(u1i , u2i ; α)
∂u2

)(1−δ1i )δ2i

+ C(u1i , u2i ; α)(1−δ1i )(1−δ2i ).

• Optimal dependence parameter value to compare to that found using
K̂ (z):

α̂∗ = arg max L(u1, u2,δ1, δ2; α)
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Likelihood comparison test

Let L(u1, u2, δ1, δ2; α∗
i ) be the likelihood function associated to copula model i

for i = 1, ..., M with α∗
i the dependence parameter estimated via the omnibus

procedure.

Copula 1 provides the closest fit to the data among M copulas under H0:

H0 : min
k=2,...,M

L̂(u1, u2, δ1, δ2; α̂∗
k) − L̂(u1, u2, δ1, δ2; α̂∗

1) > 0

H1 : min
k=2,...,M

L̂(u1, u2, δ1, δ2; α̂∗
k) − L̂(u1, u2, δ1, δ2; α̂∗

1) ≤ 0
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L2-norm

S(α̂) =
∫ 1

0

(
K̂ (z) − Kα̂(z)

)2dKα̂(z).

Riemann sum approximate:

Ŝ(α̂) =
n∑

i=1

(
K̂ (z(i)) − Kα̂(z(i))

)2(z(i) − z(i−1)),

with z0 = 0 and z(1) ≤ ... ≤ z(n) are the ordered values of
{zj = F̂ (yj ), j = 1, ..., n}.

Copula 1 provides the closest fit to the data among M copulas under H0:

H0 : min
k=2,...,M

Ŝ(α̂k) − Ŝ(α̂1) > 0

H1 : min
k=2,...,M

Ŝ(α̂k) − Ŝ(α̂1) ≤ 0
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Wang (2010)’s goodness-of-fit test

Let Cα(u, v) = ϕ−1
α

[
ϕα(u) + ϕα(v)

]
be an Archimedean copula. Then,

U = ϕ(u)
ϕ[C(u, v)] , V = C(u, v)

are shown to be independent by Genest and Rivest (1993), leading to the test

H0 : ρ = 0 vs H1 : ρ ̸= 0.

Let

rn =
∑n

i=1(Ûi − ¯̂U)(V̂i − ¯̂V )√∑n
i=1(Ûi − ¯̂U)2∑n

i=1(V̂i − ¯̂V )2

The test statistic is defined as

Zn = 1
2 log

[1 + rn
1 − rn

]
and we have that

√
nZn → N(0, 1) in distribution. This test can be extended

to censored data by adjusting the distributions of Û and V̂ .
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Application to claims reserving

Notation:
• T = (T1, T2): vector of activation delays (in days)
• C = (C1, C2) with C1 = C2: vector of censoring variables corresponding

to the claim settlement delay (in days)
• γi for i = 1, 2: limits imposed on the activation delays = 730 days
• Y = (Y1, Y2) with Yi = min(Ti , Ci , γi) for i = 1, 2: observed delays
• ∆ = (1[Y1 = T1],1[Y2 = T2]): censoring indicators

Table 3: Percentage of claims with different activation delays (1 period = 6 months).

Activation delays
Coverage No delay 1 period 2 periods 3 periods ≥ 4 periods
Accident Benefits 93.84 5.73 0.29 0.08 0.06
Bodily Injury 85.86 9.86 1.46 1.13 1.69
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