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Actuarial Modelling

A key task in actuarial modelling is to learn a multivariate function f, or univariate f,
parameterised by 6, to make “predictions” about insurance loss Y given covariates X,
which defines a risk profile.

e Option 1 (Point Estimate): Assume the loss is exactly equal to the model output,

e f(3x:0) = (ox:0) = E[Y |x:0].

e Option 2 (Distributional Regression): Assume the loss (conditional on x) is drawn
from a distribution D, with distributional parameters, e.g., E[Y|x; 8], /V[Yx;6], ...,
determined by the modelled function:

Y|£(x;0) ~ D(f(x; ).
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Model 1: Generalised Linear Models (GLMs)

@ Nelder and Wedderburn (1972): Y|f(x;0cm) ~ N (u(; 0gim), 02 (x5 061m)), i-e.,
f(z;0cim) = [u(2; O6im), o (23 86im)] -
o A simple mean function: p(z;0¢m) = E[Y|x; 0cLm] = Bo + Sz
e A constant standard deviation function (in the Gaussian case):

o(x;0cm) = /V[Y|x;0cLm] = GeLm.

Model: GLM

Mean Function: u(x; Ogm) Standard Deviation Function: o(x; Ogiv) plylx2) | plylx3)| p(y|xa)
Data * Data
— E[Y|x; 8Ll . — VUix; O]

— E[Y|x; OgLm]
| | |
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Model 2: Combined Actuarial Neural Networks (CANNs)

@ Schelldorfer and Wiithrich (2019): Y|f(x;0cann) ~ N (1u(z; Ocann), o2(z; Ocann)),
i.e., f(z;0cann) = [u(z; Ocann), o (z; Ocann)]
o Flexible and correlated mean and standard deviation functions:

J N '
(x5 Ocann) = 35— ¢ (x5 Ocann) + (x5 Ocim), o (z; Ocann) = Gcann, where ¢;'s are
expressive basis functions learnt by the neural network.

Model: CANN
Mean Function: u(x; Ocann) Standard Deviation Function: o(x; Ocann) plylxif pylx2) [ p(yIxs)| p(y|xa)
Data * Data
—— E[Y|x; Ocann] — \/MXTCANN]

— ELY|x; Ocann]
E[Y]x; OgLm]

| | |
X X X1 X2 X3 X4
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Model 3: Mixture Density Networks (MDNs)

[ Bishop (1994): Y’f(x;OMDN) ~ Zle ’/Tk(:v; OMDN) -N(uk(:v; OMDN),U,%(.%;GMDN)) )

1
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i.e., f(x;0vpn) = [7(2;0mpN) T, (25 0mpn) T, o (25 Ovpn

Weight Function: m;(x; ®wpn)

Mean Function: u1(x; Ompn)

Std. Function: o1(x; Ompn)

Data

X
Weight Function: m(x; Owpn)

Data

Data

)T

Model: MDN

plylx2)

plylx3)| ply|xa)

¢ Data
— E[Y|x; Ompon]
| 1 |
X1 X2 X3 Xa



Model 4: Deep Distribution Regression (DDR)
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e Lietal (2021): Y|f(x;6ppr) ~ Zi{:l fr(z;0ppR) - U(ck—1,ck), where
f(a:; BDDR) = [P(Y € Tl\x; GDDR)a R ,P(Y (S TK’X; ODDR)]T, and Tk = [Ckfl,ck).
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Why Distributional Refinement Networks (DRNs)?

Di
High Interpretability

Qud

stributional Interpretability—Trust

e GLM/CANN: mean-focused.

e MDN/DDR: prone to overfitting; lacks
robustness.

@ Proposed Solution: Distributional
Refinement Network (DRN): a neural
network that refines the distribution
~o\ forecasts of a baseline model (e.g., a

\ GLM).

Trustworthy.

ntiles are NOT ‘learnable’. J DDR

‘Black-box" predictions.

Quantiles are ‘learnable’. High Flexibility
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Distributional Refinement Networks (DRNs)

@ DRNs can incorporate a baseline model and are initialised to align closely with its
distributional behaviour.

o DRNs adopt a novel training loss function:

Ex v)[L(Y,£(X;0prn)] = Ex.y) [ — log(p(Y|£(X; Oprn))) (1)
Dat;rl_oss
+ a1 - d (Py £(X:00m): PY[£(X:080ine) ) (2)

Distributional Resemblence

+ v - second_order_diff (py|f(x;9DRN))2 (3)

Density Sm;gthness Loss
+ as -KE[Y!X; Oprn) — E[Y X OBaseIine])Q] (4)

Mean Resemblence Loss

where d(-, ) is a chosen divergence measure that quantifies the statistical distance

between two probability distributions, e.g., KL divergence.
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Baseline Integration

~~
P(Y|X; Bgaseline) Baseline Density
. bi(x)
by/f(x)
P(Y > ck|x; Ogaseline)
Co C1 Ck Co él Ck

We first approximate the baseline distribution using a K-component mixture of uniform
distributions over a refinement region [co, cf), defined by ordered cutpoints {c }_:

Ck
1 yElep_1—¢ .
Zf:l / p(y’f(XS OBaseline)) dy '%; ifye [COa CK),

p(y|f(x; OBaseIine)) = — N
bk(x)

p(y’f(x; oBaseIine))a otherwise,

(5)
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Adjustment Factors

T =
SQ A TN
-
X 7Z >¥
. —
BK(X\ . ™
bifx) &) - bi(x)
P(Y > ck|X; Opaseline) 4, () - by (x P(Y > ck | X; Ogaseline)
Co él Ck Co C1 Ck
Subsequently, the neural network component learns the “adjustment” function:
f(x;0prn) = a(x) = [a1(%), ..., ax(x)]", (6)
which directly refines the baseline model:
K 7 Liyelepor—en)y -
_y ag(x) b (x) - — 27—, ify €|, cK),
PlylE(x; Bprn) = § 2=t RO 09T o)
P(y/f(x; OBaseline)) otherwise.
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Distributional Refinement
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Controlled Distributional Refinement

Empirically, with a GLM basTIine and KL divergence regularisation, a DRN minimises:
Data Loss + (0 R Z DKL[pY|f(Xi;0DRN)||pY‘f(X¢;GGLM)]
|DTrain|

X € Drrain
+ 0.001 - Density Smoothness Loss + 0 - Mean Resemblence Loss (8)
o Large o @ Medium o e Small oy
Model: DRN_Large KL Model: DRN_Medium_KL Model: DRN_Small_KL
plylxi)plylx2) | plylxs)| plylxa) plylxi) plylx2) | p(ylxs)| p(ylxa) plylx1)| plylx2) [ pylx3)| p(y|xa)
. ...:.. .
= .,-0 4
> > . > ﬂ"‘ 3
« Data « Data
—— E[Y|x; Oprn] — E[Y]x; Oprn] — E[Y]x; Oprn]
E[Y]X; OcLm] ETY]x; OgLm] ETY|x; OgLm]
| | | | | | | | |
X1 X2 X3 Xa X1 X2 X3 Xa X1 X2 X3
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The KL regularisation term is used in Al Chat Models.

State-of-the-art LLMs still use this approach
®& OpenAl

“Following Jaques et al. (2017; 2019), we use a KL constraint to prevent the
fine-tuned model from drifting too far from the pretrained model.”

e Fine-Tuning Language Models from Human Preferences (2019)
e [earning to summarize from human feedback (2020)
e InstructGPT / ChatGPT (2022)

e Direct Preference Optimization (DPQO) (2024)

Google &deepseek Bl

Social RL - Natasha Jaques 35
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drn Python Package

The code below provides a minimal working example of how to use the drn package to
train a DRN, with the data preprocessing steps omitted for brevity.

from drn import GLM, DRN, drn_cutpoints, train
import pandas as pd
import torch

train_dataset = torch.utils.data.TensorDataset(X_train, y_train)
val_dataset = torch.utils.data.TensorDataset(X_val, y_val)

c_0, c_K = 0, y_train.max().item() * 1.1
cutpoints = drn_cutpoints(c_0, c_K, proportion=0.1, y=y_train)
glm = GLM.from_statsmodels(X_train, y_train, distribution="gamma")

drn_model = DRN(glm, cutpoints, hidden_size=128, num_hidden_layers=2)
train(drn_model, train_dataset, val_dataset, batch_size=256, epochs=10)
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Conclusion

© We propose the Distributional Refinement Network (DRN)—-a neural network that
refines a baseline model from a distributional perspective, providing
o High distributional flexibility for distributional regression.
o E.g., modelling the full conditional distribution.

o Controlled anchoring to a trusted baseline, enhancing trust and improving
robustness.

o E.g., when a strong inductive bias toward the baseline or limited refinement is preferred.

@ A developed drn Python package for distributional regression networks, including
implementations of MDNs, CANNs, and DRNs.

[=]arii[m]

[=]
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